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a b s t r a c t
The presence of openings greatly affects the response of unreinforced masonry (URM) walls. This topic
greatly attracts the attention of many researchers. Perforated unreinforced masonry (PURM) walls under
in-plane loads through the truss discretization method (TDM) along with several machine learning
approaches such as Multilayer perceptron (MLP), Group of Method Data Handling (GMDH), and Radial
basis function (RBF) are described in this paper. A new method named Multi-pier (MP) that is fast and
accurate, is used to determine the behavior of PURM walls. The results of the MP method are expressed
as a ratio of lateral load-bearing capacity and initial stiffness of PURM walls to the solid wall in order to
generalize the obtained results to other PURM walls. The outcomes of the MP method are employed to
predict the behavior of PURM walls using various machine learning approaches. Using the validated network with suitable accuracy, empirical functions and curves are presented in an effort to provide a simplified and practical approach to assess the reduction in the load-bearing capacity and initial stiffness of
PURM walls. Results indicate that the adjacent piers of opening have a remarkable impact on the overall
response of the PURM wall. Finally, the ability of the MP method to conduct stochastic analysis is evaluated. Moreover, the effect of randomness in the mechanical characteristics and their spatial variation
within the PURM wall is presented.
Ó 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Ain Shams University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
by-nc-nd/4.0/).

1. Introduction
The availability of constituent materials, the geometric versatility, the lack of skilled labor, the construction easiness, and durability make the masonry structures to be found all around the world.
Nevertheless, owing to remarkable mass and stiffness and therefore attract a vast amount of forces during earthquakes, along with
low shear and tensile resistance, and low ductility to withstand
such forces, and high uncertainties in masonry material properties
⇑ Corresponding author.
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Peer review under responsibility of Ain Shams University.
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lead this type of structures vulnerable to damage in even moderate
earthquakes which confirms once again the need for a further
understanding of its behavior. Masonry is categorized as a heterogeneous anisotropic material. Accordingly, robust analyses are
needed to determine the structural response of this material [1].
For the design of new masonry structures or evaluation of existing
ones, recourse to numerical modeling is often required to understand the structural response under various loading conditions.
Numerical modeling is frequently utilized to determine the
response of masonry structures under various loading conditions.
It is widely acknowledged that the existence of an opening in the
masonry wall due to functional or ventilation requirements
changes the behavior of the wall and consequently, the overall
response of the structure. Various analytical methods have been
suggested to consider the effects of openings in masonry infills
[2–7]. However, the inherent complexity of masonry structure
response, which is completely inelastic even at the first step of
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analysis of masonry walls at various orientations of bed based on
the incorporated REV. The failure of the entire masonry walls
was studied by conducting a FEM analysis. In this regard, the failure surfaces of the homogenized masonry wall were considered in
an upper bound FE code. Failure mechanisms of a shear wall with
texture variations along with a deep beam were investigated as the
two most common engineering practices. They asserted that the
outcomes of homogenous and heterogeneous approaches are in
good agreement to predict the failure mechanism and loads distribution. In another attempt, Milani [26] further analyzed the inplane response of masonry walls by performing limit and nonlinear analyses. The frictional response between the joints was
evaluated using the limit analysis and the brick-brick interfaces
were considered in the non-linear analysis. The non-linear analysis
was performed to analyze the full-scale behaviour of walls including a perforated shear wall and a deep beam. Furthermore, the
sequential quadratic programming algorithm was used to solve
the discretized non-linear problem in developing the simple
homogenization model of in-plane masonry walls. As a continuous
effort, Akhaveissy and Milani [27] investigated the in-plane behaviour of masonry walls reinforced with steel bars by conducting
a numerical analysis. They adopted the disturbed state concept
(DSC) in a modified hierarchical single yield surface (HISS-CT) plasticity model to study the distinct compressive and tensile
responses. Furthermore, the effect of reinforcement ratios on ductile and failure response of the walls was investigated and the optimal ratio was proposed referencing a quasi-square shear wall in
the numerical analysis. The results are compared to the recommendations by the Canadian masonry design standard [28]. They
stated that the recommended values are under appropriately predict the walls’ response in the high-seismic regions. Furthermore,
this research presented a practical equation to estimate the loadbearing response of masonry walls reinforced with steel bars. Foraboschi and Vanin [29] developed a new push-over method to
assess seismic safety of masonry buildings based on a strut-andtie model. The proposed model was able to reproduce the inplane response of the masonry panel up to the collapse. The outcomes of the model can be used to obtain either the ultimate drift
capacity of the structure or the behavior factor. Milani et al. [30]
conducted an upper bond limit analysis of in-plane unreinforced
masonry walls consisting of horizontal masonry spandrels connected to vertical piers. In this research, they followed two main
steps. First, the upper bond FE heteronomous analysis is used to
derive the ultimate shear force-bending moment strength domains
of the spandrels. Accordingly, the relevant kinematic and static
boundary conditions were assigned to the model to consider the
complex interactions within the deformed spandrel beams at failure and internal forces. In the next step, a frame spandrel model
was simulated using Timoshenko’s elastic beam theory. The outcomes of the performed pushover analysis were comparable to
the proposed 2D heterogeneous non-linear analysis. This study
concluded that the ultimate lateral strength of masonry walls is
governed by the spandrel resistance using an equivalent frame
model.
In this paper, a truss discretization method (TDM) was used and
verified with existing experimental results obtained from the
available literature. A TDM method is called the multi-pier (MP)
approach which has been presented by Pirsaheb et al. [31,32]. Substituting the 2D continuum containing braces and vertical piers
indicates a non-linear response with softening is the main idea of
the MP method. This method is a straightforward and practical
approach for assessing the in-plane response of URM walls of
any shape under any loading condition. The current study aims
to fully develop the proposed method for URM walls containing a
central opening through a complete description of the spandrel
behavior. Moreover, the coupling mechanism of spandrel and adja-

loading, the unreliability in the mechanical characteristics of the
constituent materials, and the lack of comprehensive experimental
results to be used for the verification of the numerical model, make
the development of new reliable numerical models to faces several
fundamental challenges [8]. Thus, the need for a robust yet reliable
and at the same time simple method to evaluate the behavior of
masonry walls with openings is strongly felt.
On the other hand, conflict findings have been reported on the
effects of opening on the behavior of masonry walls. In order to
achieve the best performance, Kakaletsis and Karayannis [9] recommended that the opening needs to be located near to the edges
while others concluded that the openings should be situated at the
center of the wall [10,11]. Besides, Chen and Liu asserted that if the
load applied far from the wall’s side with an opening can have a
negligible effect on the stiffness and strength of the masonry wall
than openings located toward the loaded side [7]. While, the current American and Canadian masonry design standards [12,13]
do not contain design provisions for masonry walls with openings
[7], Italian code [14] and Eurocode [15] specify some limitations.
Structural behaviour of in-plane masonry walls containing
openings has been subjected to many investigations by performing
numerical analysis. An approach based on seismic behavior of
masonry walls was proposed by Kato et al. [16] for the design of
shear walls with openings in accordance with the ultimate capacity approach. Almost the same approach to assess the in-plane
stiffness of a perforated shear wall was suggested by Qamaruddin
[17,18] by assuming flexible response of spandrels such as rotation
and translation subjected to lateral loads. Irimies and Bia [19] used
the PURM acronym for the first time and concluded that the presence of an opening significantly affects the non-linear response of a
PURM. In order to improve the URM wall capacity subjected to
high-range out-of-plane loads, Ghobarah and Galal [20] used carbon fiber reinforced polymer (CFRP) strips to strengthening URM
walls with openings. In accordance with this finding, the wall
capacity located adjacent to an opening can be enhanced by
strengthening the walls with CFRP strips. The in-plane response
of the post-tensioned masonry walls with an opening is researched
by Wight et al. [21] by applying lateral loads. The impact of openings in the URM walls was analyzed using two single-story walls.
The assessed damages on the wall were cracks that occurred below
the openings along with vertical bond beam cracks. However, the
reduction in the lateral strength was not reported. Augenti et al.
[22] evaluated the lateral behavior of URM wall with openings in
a full-scale test. The load-bearing capacity of the wall was controlled under the influence of a spandrel panel, and the rocking
of piers controlled by the lateral wall stiffness. A parametric study
on multi-story masonry walls containing an opening was conducted by Chavez [23]. Results show that the variation in lateral
load-bearing capacity of a masonry wall is more sensitive to the
opening width compared to the opening height. It is also recommended to conduct further investigation to secure a relationship
between the load-bearing capacity of the wall and its opening
shape. The in-plane behavior of URM subjected to the cyclic loading was evaluated by Howlader et al. [24]. Their experimental
results demonstrate that the in-plane load-bearing capacity and
the failure modes were significantly affected by wall geometry
variations and the imposed vertical pre-compression loading.
Expedited pushover analysis of masonry structures has been
gained wide attention among researchers. Accordingly, Milani
and Lourenço [25] conducted a limit analysis for the URM walls
subjected to in-plane loading by simulating their response using
a homogenization model. They incorporated a blocks’ random
assemblage with different dimensions in the constituted model.
The interactions within the blocks were considered using a representative element of volume (REV) during the analysis. The Monte
Carlo (MC) simulation was used to perform a stochastic interactive
2
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tions of PURM walls. Fig. 1 illustrates the performed tasks in this
research as a flow chart.

cent piers will be explained. The effect of the area and shape of the
opening on the lateral URM wall behavior was determined using
the MP method. The results of TDM were used to train several
machine learning algorithms such as Multilayer perceptron
(MLP), Group of Method Data Handling (GMDH), and Radial basis
function (RBF) to achieve more accurate results along with the
practical equation for predicting the effect of opening. Moreover,
the numerical results of the MP method are expanded using the
stochastic micro-scale discrete element method. The stochastic
numerical simulations are based on various mechanical properties
of the masonry unit.
In this paper, various approaches such as soft computing along
with stochastic and numerical simulation were implemented to
consider the complex response of masonry walls containing central
openings. The prime goal of this study is to develop a new empirical method to evaluate the lateral load-bearing capacity and initial
stiffness of PURM walls. There is a limited number of experimental
and numerical studies on the effect of opening on the behavior of
the URM walls, which makes research in this complex field seem
necessary. While this paper proposes an appealing numerical
method for determining the complex behavior of masonry walls,
the core contribution and novelty rely on the deployment of different machine learning methods and micro-scale stochastic simula-

1.1. Research significance
The presence of openings reduces the URM walls’ load-bearing
capacity and stiffness. Underestimating such a change can lead to
considerable structural failure. Considering the substantial cost of
experimental studies and in the absence of reliable analytical
methods, estimating the actual reduction in structural capacity of
masonry walls with openings is yet to be studied. Accordingly, Pirsaheb et al. [31] introduced a novel MP method for studying the inplan behaviour of masonry walls by conducting a pushover analysis. They reported that the MP method can be incorporated as an
expedited approach with higher accuracy compared to existing
simulation approaches to predict the capacity of masonry walls.
Khaleghi et al. [33] adopted the MP method to assess the loadbearing capacity and stiffness of masonry walls by application of
artificial neural network (ANN) and presented equations to determine the response of URM walls. In the present study, the mechanism of spandrel is fully described and the reported outcomes by
the MP method are verified using other machine learning
approaches: MLP, GMDH, and RBF. Additionally, numerical and

Fig. 1. The conducted activities in this study.
3

M. Khaleghi, J. Salimi, V. Farhangi et al.

Ain Shams Engineering Journal 13 (2022) 101631

the real masonry are used in the analysis. In this respect, the brass
cross-section is determined according to Eq. 4. For a shear masonry
wall, a common equivalent system with trusses is plotted in Fig. 2.
Piers cross-section area, Ap , after equating masonry wall stiffness
and its equivalent frame could be determined according to Eq. 5.

stochastic methods are used in the verification process as a continuous effort to enhance the precision of predicting methods on the
masonry walls ’ structural capacity and to show the ability of the
MP method to conduct stochastic analysis.
2. Theoretical basis of MP method

Ab ¼

The truss method was employed by researchers as a userfriendly approach following the diagonal tension theory proposed
by Holmes [34]. This method was widely adopted in the previous
research investigations [29,35–44]. The main idea is to provide a
simplified approach to solve the 2D problems on the response of
in-plane masonry walls by decreasing the assembled axial members within the wall. The simplicity of this approach in addition
to using the trusses to define mono-dimensional non-complex
analyses, are the most significant benefits that distinguish the truss
method compared to other analytical approaches. Furthermore, the
truss method enhances the analysis, design, and retrofitting proves
of masonry by including post-peak response, maximum displacement, local crack patterns, and the load-bearing capacity in the
analysis [31].
Separated arbitrary vertical axial piers connected to crosslinking brace members are utilized in the MP method to analyze
the masonry building model. The flexural and shear response of
the masonry structure is simulated using vertical and diagonal
members, respectively. The various components of wall stiffness
and its equivalent system must be assessed and assigned to the
piers and braces. The combination of truss elements in TDM and
their mechanical properties are important. The summation of all
piers’ axial stiffness is determined to calculate the axial stiffness
of the analyzed wall. The moment of inertia of the wall which is
equal to summation of the piers’ moment of inertia can be
expressed as Eq. 1.

 
N
N
N
X
X
X
N
Lw 2
2
3
t w lp þ
Iw ¼
ðIp Þn ¼
½ðip Þn þ ðAp Þn dn  ¼
tw
d
12
N n
n¼1
n¼1
n¼1

Ap G
1:2hp

kbracess ¼

2Ab E
cos2 h
lb

2:4Ehp lp

Ap ¼ t w  lp

ð4Þ
ð5Þ

2.1. Non-linear properties of piers and braces
Mechanical properties of the elements including tensile and
compression strength along with the post-peak behavior are discussed in detail in [31]. This paper summarizes only the properties
of piers and braces used in the simulations discussed hereafter.
Fig. 3 describes the stress-strain curve of the elements used in
the simulations. In this figure, cu ; ccr ; tcr , and tu are the ultimate
compression strain, cracked compression strain, cracked tensile
strain, and ultimate tensile strain of masonry unit which are
expressed as follows:

cu ¼ 2:75

F cm
Ec

ð6Þ

ccr ¼

F cm
Ec

ð7Þ

tcr ¼

F tm
Ec

ð8Þ

tu ¼ 0:001

ð9Þ

Using FEMA-356 [31,32,46,47], tensile and compressive
strength of the masonry elements, accounting for the actual tensile
and compressive strength of piers, Eq. 10 and 11, can be
determined.

ð1Þ

where, Iw ; tw ; Lw , and dn are the moment of inertia, thickness, length,
and nth pier’s distance in respect to the center of the simulated
wall, respectively. Moreover, N is the number of piers which by
increasing the number of piers the flexural stiffness (the first term
in Eq. 1) becomes negligible and a discretization with trusses is sufficient. It can be said that for a adequate number of piers, each of
them acts as an axial member, and the flexural stiffness of the entire
wall can be acquired by proper integration of the axial stiffness of
the single piers. The shear behavior of the wall is considered by
diagonal braces in the MP method, which is assumed to accurately
take into account the shear force transfer within the model piers.
The shear stiffness values of the bracing system along with the
masonry wall are measured based on the presented Eqs. 2 and 3,
according to [45].

kwall ¼


1:5
2
2
Gtw lp þ hp

ðF t Þpier ¼ f tm

ð10Þ

ðF c Þpier ¼ 0:68f cm

ð11Þ

The tensile strength of braces, Eq. 12, and its compressive
strength, Eq. 13, defining an angle h according to Cauchy 2D theory
as shown in Fig. 2.

ðF t Þbrace ¼ ð0:375F v 0 þ 0:5rv Þsinð2hÞ

ð12Þ

ðF c Þbrace ¼ 0:63f cm ð1  cosð2hÞÞ

ð13Þ

For square meshes, the angle of braces with the horizon is 45,
thereby, sinð2hÞ and cosð2hÞ are equal to 1 and 0, respectively. Then,
tensile and compressive strength of the braces (Eq. 12 and 13) can
be calculated respectively using Eq. 14 and 15. It is worth noting
here that the coefficient 0.375 changes to 0.5 for single wythe
masonry walls [31].

ð2Þ

ð3Þ

where Ap , G, hp ; Ab , and E are a cross-section of a pier, shear modulus, height of a pier, cross-section of a brace, and modulus of elasticﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r

2
2
lp þ hp . h is
ity. lb is length of a brace, which can be calculated as

ðF t Þbrace ¼ 0:375F v 0 þ 0:5rv

ð14Þ

ðF c Þbrace ¼ 0:63f cm

ð15Þ

2.2. Effect of the application of lateral loads and brace tension

a brace angle and is equal to lp =lb . The MP method considers the anisotropy either in stiffness or strength in vertical and diagonal directions via piers and braces, respectively. Mechanical properties of
piers and braces have been discussed in detail in reference [31].
The equal values of shear stiffness in the trusses’ assemblage and

The presence of lateral load applied to a URM wall results in
decompression of some portion of the wall and an increase in compression in another side. Therefore, the lateral load can pose an
increasing or decreasing effect on the amount of vertical axial com4
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Fig. 2. Masonry wall and equivalent system.

Applied lateral load results in a reduction in the existent tensile
stress in a brace at a heel of the wall, while rising the compressive
stress in the toe of the wall, as shown in Fig. 4. The increase in tensile stress causes the brace to withstand larger loads than the peak
one assigned to the brace (F t ), activating shear cracks later. This
corresponds to an increase in the shear strength of the compressed
toe of the wall, as a consequence of the increase of vertical stresses
due to lateral loads.
2.3. Multi-Pier algorithm for perforated and unreinforced masonry
wall
The milestones for the sound practical implementation of the
MP method are the following, according to Pirsaheb et al. [31,48]:
Fig. 3. The stress-strain curve of the masonry representative element.

1- Split the wall into nearly square cells.
2- Create continuous vertical piers with an equal thickness of
the wall section for the middle and side piers equal to Eqs. 16
and 17, respectively.

pression which is mostly due to gravity loads. Thus, the shear
stresses in the different portions of a URM wall, which is dependent on the tensile behavior of braces, need to be determined. It
is noteworthy that the model should consider the typical
cohesive-frictional behavior of masonry which constrains the peak
tangential strength to be dependent upon the local level of
compression.

ðlp Þmiddle ¼
ðlp Þside ¼

Lw
N

Lw
2N

Fig. 4. a) Compressive stresses in braces due to gravity load. 3b) Decompression at the heel and crushing at the toe after applying lateral loads.
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(cyan color) as shown in Fig. 6-d. The normal stresses appear as
severe coupling of tension and compression in the far piers from
the center line. Shear forces in spandrel create tension and compression internal stresses in braces. These stresses are visible in
red and blue color, for tension and compression, respectively, in
Fig. 6-d. The constituted plastic hinges in these elements representative the diagonal shear cracks in the spandrel.
In the case of PURM with lintel, Fig. 7-a, -a, an elastic pier whose
mechanical and geometrical properties are in agreement with the
concrete or steel lintel beam should be embedded as the rigid horizontal pier, Fig. 7-b. This rigid beam is pinned to adjacent vertical
piers.

3- Specify the brace’s cross-section area of the braces and assign
it to the brace elements in the proposed equivalent system,
using the Eq. 4.
4- Evaluate the material characteristics in the non-linear phase
and assign them to the members in accordance with 2.1.
5-Analyze load-control static nonlinear behavior of the wall
subjected to the gravity loads.
6- Analyze the displacement-control static nonlinear response
of the wall by applying lateral loads.
7- Extract the ultimate load capacity and the related displacement values using the pushover curve.
8- Present the level of plastic hinges and extract the following
information:
8-1- Cracks formation and stress level in the wall at various
steps of loading.
8-2- The development of hinges on braces indicating shear
cracks formation in the wall.
8-3- The development of hinges on piers demonstrating tensile cracks formation in the wall.
8-4- The development of compressive hinges on piers specifying compressive and compressive-diagonal failure in the
wall.
8-5- Estimation of the crack width on the results of the
strain level at the plastic hinges.
Some correction, as stated in Section 2.4, needs to be considered to utilize the MP method for PURM walls. The equivalent system containing braces and piers, in which there are
spandrels, needs to be rotated and placed horizontally to
sustain horizontal stresses.

3. Validation of MP modeling with experimental data
Toward ensuring the accuracy and capability of the MP method
to estimate the global load-displacement response of masonry wall
containing opening, seven different experimental specimens,
either with or without a central opening along with various precompression, were modeled and analyzed. The estimation of general response in pushover analyses such as the peak load and its
corresponding displacement along with the initial stiffness is discussed. The difference between the numerical and experimental
peak load, initial stiffness, and displacement corresponding to the
peak load are presented in Table 1. In this table, D donates the displacement corresponding to peak load. In the following, experimental specimen descriptions are presented. In the MP method, a
displacement control method was used and imposed load is
increased to the point that a failure mechanism has occurred. This
may cause global softening in non-linear static analyses.

2.4. Placing an equivalent system in Spandrel
Since the direction of the gravity loads is vertical, and the internal stresses caused by lateral loads are shear and vertical stresses
due to bending moment, the equivalent truss-like structure is constituted by vertical piers and braces. However, there are circumstances, for example in the case of spandrel as shown in Fig. 5,
where horizontal stresses are dominant with shear. In this case,
the equivalent truss system in the MP method needs to be rotated
and placed horizontally. Moreover, the mechanical properties in
the horizontal equivalent system are those of masonry along this
direction.
The interaction between piers and spandrel in the PURM wall
needs to be determined. In-plane shear force and bending moment
appear as internal actions in the piers and spandrel at the cross
region due to applying lateral loads on the top of the wall, as
depicted in Fig. 6. As it was mentioned, normal stresses due to
bending moments and shear actions are withstand by the piers
and braces, respectively, in the equivalent system. The bending
moment distributes its normal stresses among horizontal piers

3.1. Experimental specimens
The JD specimen, Fig. 8, is a masonry wall with
1000  990  100 mm dimensions, which was made of 10 mm
thick mortar along with 210  52  100 mm wire-cut solid clay
bricks, without any opening [49]. A constant 0.3 MPa compression
load is applied to the top face of the wall in a vertical direction
using a beam made of steel during the experiments. The wall
was completely fixed on a rigid foundation using specifically conceived connectors [50].
Experimentally, another masonry wall was tested, labeled as
J2G, with dimensions of 1000  990  100 mm, containing a rectangular central opening and a width/height ratio of 0.99 [51]. During the loading procedure, a similar 0.3 MPa compression load was
applied in the vertical direction on the top of the wall. Rotations of
the top were fixed using a stiff steel beam, and subsequently, the
top of the wall was subjected to an incremental compression load
in the horizontal direction. The central opening includes two rela-

Fig. 5. a) Shear masonry wall containing spandrel, b) Replacing horizontal piers (in cyan color) in spandrel.
6
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Fig. 6. a) PURM wall, b) Equivalent system c) Internal vertical shear force and in-plane moment in spandrel due to applied lateral load, and d) Tensile and compressive
stresses in the truss elements (piers and braces) due to internal forces in spandrel.

Fig. 7. Replacing a rigid pier (in black color) as a lintel in the MP method.

Table 1
Comparison of experimental and numerical results (Units are kN and mm).
Specimen

Exp. P

Num. P

Num:P
Exp:P

Exp. K

Num. K

Num:K
Exp:K

Exp. D

Num. D

Num:D
Exp:D

JD [49]
J2G [51]
W2 [50]
W4 [50]
Series 1 [52]
Series 2 [52]
Series 3 [52]

52.68
37.13
414.8
208.0
18.2–35.2
47.6–80.9
62.4–84.6

56.18
38.22
400.2
202.7
31.4
66
75.8

1.06
1.03
0.96
0.97
–
–
–

67.04
35.77
204.4
86.0
13.7
22.7
14.2

84.63
35.79
232.0
71.0
12.8
19.8
15.0

1.26
1.00
1.13
0.82
0.93
0.87
1.05

2.59
7.6
9.9
7.0
23.6–44.3
25.9–38.3
21.3–38.0

2.71
5.94
8.6
5.4
32.1
35.4
21.3

1.04
0.78
0.86
0.76
–
–
–
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Fig. 8. Validation of MP modeling with experimental data.
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Fig. 9. The crack formation and failure mechanism in various walls.

of bricks with the long side perpendicular to the masonry surface
were set [52]. Moreover, each series has a different precompression from 40 to 140 kN, while all five specimens which
were in a category have the same pre-compression. The size of
the brick was 250  125  61 mm, and the opening of the walls
was 1210 mm in height and 1070 mm in width. The compressive
strength, modulus of elasticity, and tensile strength of masonry
were 1.21, 1360, and 0.08 MPa, respectively.
Comparison of numerical and experimental outcomes show
that the proposed method is able to predict the maximum load
with high accuracy despite its ease and simple theoretical basis
as listed in Table 1. For specimens tested in [52], the results of peak
load and corresponding displacement of each series are reported in
a range, while the initial stiffness is an average of five specimens in
each series. The walls’ initial stiffness can be predicted by applying
the approximation using the MP method. The accuracy of the
gleaned outcomes are aligned with other experimental results

tively small weak piers and forces the compressive strut that
develops by the loading in the horizontal direction to extend over
either side of the opening.
Two different masonry walls of 240 mm thick constructed using
Chinese code were selected to verify the MP method results. The
dimension of the walls were 1990  1490  240 mm and a precompression load equal to 0.3f cm was constantly applied on the
top edges using a rigid concrete beam. W2 (Fig. 8(c))) is a masonry
wall without opening and W4 (Fig. 8(d))) in the same wall with a
central opening of 630  760 mm representing 16% opening area
ratio. The compressive strength of the bricks and mortar were 10
and 7.5 MPa, respectively.
Fifteen single-story URM walls with a dimension of
3060  3120  250 mm in three different series were tested under
a quasi-static loading. The difference between specimens in each
series was about the masonry texture which is representative of
old Italian buildings. From the first to fifth texture, a rising amount
9
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Fig. 10. Crack pattern of specimens of [52] a) Diagonal shear cracks at the right piers, b) Tensile horizontal cracks at the left piers due to bending, c) Vertical tensile cracks at
the corner of spandrel due to bending moment, d) Spandrel shear failure, e) Toe crashing at the bottom corner of right pier.

Table 2
Mechanical properties of URM wall to generate database based on MP method.
Dimension (mm)

L/W

f cm (MPa)

ftm (MPa)

f v 0 (MPa)

Ev (GPa)

G (GPa)

rv (MPa)

1000  1000  100

1

10

0.5

0.6

5.5

2.2

0.1f cm

Table 3
Parameters of PURM wall containing central opening and their ranges.
Parameter

symbol

min

max

increment step

Opening height to wall height ratio
Opening width to wall width ratio
Load bearing capacity ratio
Stiffness ratio

h/H
l/L
Po /P
Ko /K

0.1
0.1
0.14
0.08

7
7
0.98
0.96

0.1
0.1
0.1
0.1

The crack formation of the experimental wall along with
numerical models is depicted in Fig. 9. Each of appeared plastic
hinges in piers and braces at the end of analysis is representative
of a type of cracking and failure mode in the actual shear wall.
For example, constituted plastic hinges in the braces of right piers
(especially in Figs. 9(c) and (d)) and also braces of spandrels, show
diagonal shear cracks at those regions. These cracks have been
depicted in red lines, the thickness of the line is in agreement with
the severity of plastic strain in the braces which thicker lines show
deep cracks.
In the same way for either vertical or horizontal, the tensile
strain shows tensile cracks. These cracks were illustrated for piers
and spandrels in green and blue lines, respectively. Crushing mode
is recognizable by compressive strain in piers and braces. This failure mode usually occurs in the toe due to applying lateral load on
walls with a higher level of pre-compression. It can be said that the

[49–51]. The power point of the purposed method is that all these
capabilities while it needs to very limited material properties,
expertise, and required time to making model and analyzing compared with other methods, which can predict such results [31].
In addition, the failure mechanism and crack formation of each
wall is presented to show the ability of the MP method. The hinges
formed in piers indicating the compressive crushing and tensile
cracks due to vertical stresses. Diagonal shear cracks in compression and tension are demonstrated by hinges on the braces. Vertical cracks in the walls owing to horizontal stresses usually take
place in walls with openings and in spandrels. In this case, as mentioned previously, horizontal multiple piers are used as to mesh
those section of the walls which have horizontal stresses. For JD,
J2G, and Series 1 to 3 specimens the crack formation and failure
mechanism is discussed. W2 and W4 discussion is omitted due
to saving in space.
10
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Table 4
Simulated database.
No.

l/L

h/H

Opening Area (m2)

h/l

Po /P

Ko /K

No.

l/L

h/H

Opening Area (m2)

h/l

Po /P

Ko /K

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.1
0.1
0.1
0.1
0.1
0.1
0.2
0.2
0.2
0.2
0.2
0.3
0.3
0.3
0.3
0.4
0.4
0.4

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.2
0.3
0.4
0.5
0.6
0.7
0.3
0.4
0.5
0.6
0.7
0.4
0.5
0.6
0.7
0.5
0.6
0.7

0.01
0.04
0.09
0.16
0.25
0.36
0.49
0.02
0.03
0.04
0.05
0.06
0.07
0.06
0.08
0.1
0.12
0.14
0.12
0.15
0.18
0.21
0.2
0.24
0.28

1
1
1
1
1
1
1
2
3
4
5
6
7
1.5
2
2.5
3
3.5
1.33
1.67
2
2.33
1.25
1.5
1.75

0.980666
0.806663
0.606038
0.445122
0.312017
0.23022
0.145598
0.925045
0.852023
0.775431
0.716984
0.654372
0.603807
0.725312
0.653183
0.598899
0.549524
0.499554
0.545062
0.496877
0.439024
0.42326
0.392772
0.36392
0.339233

0.96871
0.858486
0.696498
0.514551
0.33711
0.188257
0.08563
0.93214
0.887458
0.838527
0.788952
0.741823
0.699845
0.796807
0.736415
0.680144
0.630312
0.588076
0.627865
0.567216
0.515452
0.472573
0.451198
0.399176
0.357584

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

0.5
0.5
0.6
0.2
0.3
0.3
0.4
0.4
0.4
0.5
0.5
0.5
0.5
0.6
0.6
0.6
0.6
0.6
0.7
0.7
0.7
0.7
0.7
0.7

0.6
0.7
0.7
0.1
0.1
0.2
0.1
0.2
0.3
0.1
0.2
0.3
0.4
0.1
0.2
0.3
0.4
0.5
0.1
0.2
0.3
0.4
0.5
0.6

0.3
0.35
0.42
0.02
0.03
0.06
0.04
0.08
0.12
0.05
0.1
0.15
0.2
0.06
0.12
0.18
0.24
0.3
0.07
0.14
0.21
0.28
0.35
0.42

1.2
1.4
1.17
0.5
0.33
0.67
0.25
0.5
0.75
0.2
0.4
0.6
0.8
0.17
0.33
0.5
0.67
0.83
0.14
0.28
0.42
0.57
0.71
0.85

0.290155
0.269482
0.206276
0.893962
0.762493
0.681588
0.625818
0.558745
0.500892
0.496877
0.450773
0.406008
0.345033
0.402736
0.352023
0.308745
0.270821
0.241077
0.314247
0.271565
0.231261
0.199584
0.17445
0.162701

0.287535
0.250064
0.157353
0.917203
0.848056
0.770925
0.765388
0.673191
0.588849
0.673191
0.569148
0.477723
0.400335
0.575328
0.462271
0.366984
0.290497
0.23178
0.472959
0.35385
0.259722
0.190317
0.141386
0.108164

4.1. Database

crushing at the toe in the series 3 specimens is more severe than in
series 2 because of their higher pre-compression (See Figs. 9(d) and
(e)). In Fig. 10 the failure modes of experimental shear wall tested
in [52] is presented. By comparing the results of the failure mechanism and crack pattern it can be concluded that the MP method is
capable of a correct reproduction of the failure mechanism. Moreover, this method is able to consider all possible failure modes as
shown in the current study and as discussed in detail in [31,32].

The suitable accuracy of the MP method in predicting the loadbearing capacity and initial stiffness of a PURM wall is determined.
As previously stated, the MP method is capable of predicting the
peak load, initial stiffness, displacement corresponding to the peak
load, general behavior of load-displacement of URM, and crack pattern of URM with less time and effort in both the pre-processing
along with the computational phase with high accuracy in results.
These capabilities make this approach to be more favorable than
other methods such as finite element modeling. In this regard,
the effect of the opening area and aspect ratio on the global
response of a masonry wall is investigated. The masonry wall is
of dimensions 1000  990  100 mm and is assumed to have constant mechanical properties and pre-compression (as listed in
Table 2). In this table, fcm, ftm, and f v 0 , are compression strength,
tensile strength, and pure shear strength of masonry unit, respectively. Besides, rv is the vertical compressive stress due to gravity
loads, and Ev is the vertical modulus of elasticity. A set of appropriate designs of experiments is utilized to produce a handful of
numerical analyses. Various machine learning approaches, i.e.
MLP, GMDH, and RBF, which are implemented in this study use
the results of numerical analyses as an input vector. This may help
to further develop the meta-models related to the experimental
test.
Results obtained from the numerical study using the MP
method have been used to estimate the behavior of masonry walls
containing a central opening. A database including 49 distinctive
PURM walls with a height/length ratio of 1 and different opening
areas and aspect ratios. In order to generalize the numerical results
to other masonry walls, the results were expressed relatively, i.e.,
the ratio of opening height to wall height and opening width to
wall width was considered as inputs, and the load-bearing capacity
and stiffness of the masonry wall with an opening to the similar
wall without opening were determined as outputs. Table 3 shows
statistical parameters for the masonry wall dataset. In this table, h,
l, H, L, Po , P, Ko , and K are the height of the opening, the width of the
opening, height of URM wall, the width of the wall, the load-

4. Machine learning approaches
Several advantages of the machine learning approach in predicting the response of full-scale structures lead to the widespread
implementation of these approaches in the analysis and design of
structures [53–56]. These approaches learn from the reliable input
data (numerical and/or experimental), and detect the existed patterns using the available data to assess the studied walls’ response.
Many different machine learning approaches are available but
three of them are more pleasant among the civil engineers namely
MLP, GMDH, and RBF [57–61].

Fig. 11. The architecture of the proposed MLP model.
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Fig. 12. The performance and regression of the proposed MLP model.

bearing capacity of the wall containing opening, the load-bearing
capacity of the solid masonry wall, stiffness of the wall with opening, and stiffness of the solid masonry wall, respectively. As mentioned in Section 2.3, the distance between each pier is equal to
the thickness of the wall. Therefore, the size increment of opening
limits to the masonry wall thickness which is 100 mm in this study
(results in h/H and l/L equal to 0.1). The simulated database is
given in Table 4.

By completing the adjustment and train process in the applied
neural network, the specified values as inputs lead to the particular
outputs. Minimizing the errors is the most crucial step in the training process. Errors can be reduced by altering the assigned weight
values during the step of learning as a repetitive procedure. The
process should be continued till the mean square error has fewer
values compared to the specified limit. The error can be calculated
using the equation below:

4.2. Multilayer Perceptron (MLP)

MeanSquareError ¼

The MLP approach simultaneously employs simplified operating elements and is developed by simulating the function of the
human brain. The MLP function is defined by the interconnected
relationships within the components [59]. Such relationships can
be assigned by structuring an artificial network and assigning
weight values to the connections.

where N stands for the number of samples, yi denotes the targets,
^ is the predicted results. Predicting y
^ by determining the value
and y
of w to lessen the error is an iterative procedure. In the initial step,
the error is high because weights are randomly selected. The main
goal of the learning procedure in machine learning approaches is to
find the value of w in a way that makes the error for all data sets to

Fig. 13. The regression of the proposed GMDH model.

Fig. 14. The regression of the proposed RBF model.

P

12

^  yÞ
ðy
N

2

ð18Þ
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Table 5
MSE, RMSE, MAE, MAPE, NSE, and R2 coefficient for All data in various machine learning approaches.
Target response
Load bearing ratio
Initial stiffness ratio
Load bearing ratio
Initial stiffness ratio
Load bearing ratio
Initial stiffness ratio

Machine learning approach
MLP
GMDH
RBF

MSE
1.58
6.05
7.78
8.12
4.64
1.17








5

10
106
105
105
105
105

be minimum. In nearly all machine learning approaches, the number of w’ element is huge, and therefore finding the optimal weights
is very difficult. Determining weights by trial and error would
require plenty of time and effort. One of the effective and timesaving techniques to determine the least sets of the error is the gradient descent approach. This technique, as its name indicates,
implements the gradient of the error to reduce the error as much
as possible [62]. Created error in the learning procedure is associated with the network output and the weights of neurons in the
hidden and output layers. Consequently, the chain rule of differentiation can be expanded from error to the weight of neurons in the
first layer, i.e., @w@Enm . This technique is called backpropagation and

y¼

MAE

MAPE

NSE

R2

0.004
0.002
0.009
0.009
0.007
0.003

0.003
0.001
0.006
0.007
0.005
0.002

0.007
0.005
0.014
0.015
0.009
0.006

0.9999
0.9999
0.9942
0.9942
0.9988
0.9988

0.9999
0.9999
0.9976
0.9976
0.99901
0.99901

2
1
ð1 þ e2x Þ

ð19Þ

y¼x

ð20Þ

4.2.2. MLP performance
The ratio of the load-bearing capacity of a masonry wall containing a central opening to a solid wall and its stiffness ratio can
be estimated, once the network is trained. Besides, the compound
relationship among the input parameters can be determined. The
performance of the networks to estimate the behavior of masonry
wall are shown in Fig. 12(a). The best validation performance was
obtained as 1.55  105 at the 22th epoch. The quality of the prediction as a function of the coefficient of determination, R, for all
data is shown in Fig. 12(b), indicating the correlation between
the target (numerical results) and the MLP output. The general
behavior with R close to 1 indicated that the network calculated
the results with good accuracy.

was first offered by Werbos [63]. Backpropagation is a gradient descent algorithm in which the network weights move in the backward
direction compared to the slope of the performance function.
The following assumptions are the basis of the neural network:
a)
b)
c)
d)

RMSE

Neurons are responsible for the information processing,
Connection links transfer signals to the neurons,
Each connection link has its specific weight.
Inputs go through the neurons considering their activation
functions and the outputs will be determined.

4.3. Group of Method Data Handling (GMDH)
Identification and modeling the sophisticated systems without
any first-hand information can be obtained using a multivariate
analysis technique called GMDH which was developed by Ivakhnenko [69]. Srinivasan [70] reported that applying the GMDH
method can address some of the common issue and complications
existed in other neural networks; such as the number of neurons
and hidden layers, and determination of input variables with the
most significant impact. The network by GMDH cognitively learns
and builds functions such polynomial model, which minimizes the
error within the predicted values and expected outputs.
The GMDH network’s structure is fairly comparable to the
structure of ANN. Although, in the GMDH approach the numbers
of hidden layers and neurons are not known in the process of training. Therefore, the best network topology and structure is out of
the user’s intervention. The structure of the network in the GMDH
approach is gradually reorganized by the network itself. A Volterra
polynomial series in the form of Eq. 21 can express the general
connection between inputs and output parameters.

Several factors namely the learning technique, architecture, and
the activation function determine each machine learning approach.
The number of experiments along with the dedicated time to
experimental and numerical analysis can be reduced by using
machine learning approaches [53,64,65].
4.2.1. MLP modeling
In general, the procedure of introducing an actual occurrence or
object as a set of mathematical expressions is called modeling [66].
It is important to determine the optimum configuration of a network that provides a well-set and high accuracy simultaneously.
Owing to the fact that there is no equation to calculate the number
of hidden layers and involved neurons, the optimum number of
neurons in each hidden layer, as well as the network structure,
was determined with trial and error. In order to reach the best
structure in which the error is minimum, several different structures including various numbers of hidden layers and neurons have
been evaluated. The evaluation indicates that the MLP network
with one hidden layer containing 7 neurons had the best performance for predicting load-bearing and stiffness of the masonry
wall containing a central opening. The optimal architecture of
the networks is shown in Fig. 11.
To train the network, the Levenberg-Marquardt (LM) algorithm
was utilized due to its suitable convergence, remarkable precision,
and low time consumption [67,68]. The data is divided into three
distinct parts in this algorithm. The share of these three parts is
as follows, 70% for training, 15% for validation, and the remaining
for the test. The activation functions in both the output and hidden
layers were chosen as TANSIG (EQ. 19) and PURELIN (EQ. 20),
respectively. The learning process ended whenever the required
performance of the network was obtained.

 ¼ w0 þ
y

m
X
i¼1

wi xi þ

m X
m
m X
m X
m
X
X
wij xi xj þ
wijk xi xj xk þ . . .
i¼1 j¼1

ð21Þ

i¼1 j¼1 k¼1

where x is the vector of input features, w is the coefficients vector,
and the bar sign mentions the predicted output.
Based on the GMDH algorithm, the Volterra series is predicted
using the partial quadratic polynomial by merely considering the
paired variables. The methodical function of this polynomial is as
follows:

y ¼ w0 þ w1 x1 þ w2 x2 þ w3 x21 þ w4 x22 þ w5 x1 x2

ð22Þ

The prime objective of the GMDH algorithm is to specify the
undetermined coefficient in the Volterra series by reducing the
squared sum of difference for the overall samples and between
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Fig. 15. Masonry wall with different opening areas and shapes.

Fig. 16. The Taylor diagram for prediction of PURM wall behavior using different approaches.

the predicted and real outputs. For each pair of input parameters,
the unknown coefficients of wi are solved with regression
approaches. The same database as used in the MLP approach is
used in GMDH. The comparison of the predicted outcomes with
numerical results is plotted in Fig. 13.

5. Results and discussion
The various machine learning approaches were applied to the
dataset. Several metrics are used for error evaluation: mean absolute percentage error (MAPE), mean square error (MSE), NashSutcliffe efficiency (NSE) coefficient, root mean square error
(RMSE), mean absolute error (MAE), along with the coefficient of

4.4. Radial basis function (RBF)

determination (R2 ), see Eq. 25. These metrics are listed in Table 5
for the different machine learning approaches. The ideal value for
MSE, RMSE, MAE, and MAPE is zero, while it is a unit for NSE and
R2.

Radial basis function (RBF) is a machine learning approach with a
single hidden layer that has RBFs in their activation functions
[59,71]. The output of this approach is a linear combination of the
inputs radial basis functions and neuron parameters. This approach
has some similarities with the MLP approach but has a single hidden
layer. The outputs of a single hidden layer in the RBF approach are
summed in the last layer, i.e., output, as stated in Eq. 23.

y¼

MSE ¼ N1

i¼1

MAE ¼ N1

n
X
wi qi

ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P
N
X
^yÞ2
ðy
^i Þ2 RMSE ¼
ðyi  y
N

ð23Þ

N
X

^i jMAPE ¼ 100%  N1
jyi  y

i¼1

^Þ
^ y
ðy

2

where, wi are the numerical amount of weights. Also, the neuron
outputs in the hidden layer, qi, can be expressed as Eq. 24:

qi ¼ exp 

ð xi  c i Þ

r2i

ð25Þ

i¼1

P
P 
^yÞ2
^ y
^Þðyy
Þ
ðy
ðy
ﬃpP
NSE ¼ 1  P ðyyÞ2 R2 ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P

i¼1

2


N 
X
yi y^i 
 yi 

Þ2
ðyy

^ and y
 are individual outputs, estimated output, and mean
where y; y
value, respectively.

!
ð24Þ

5.1. Machine learning design of experiments

In Eq. 24, X is the vector of input, C is basis function and ri is
spread of Gaussian function. The regression-type problems are
usually solved using RBFs [59]. The same database described in
Section 4.1 is used to train the network. The results of this
approach is depicted in Fig. 14.

Design of experiments refers to a systematic method to regulate
the relation between the input and output parameters in a process
(i.e., cause-and-effect concept) [72]. This is an important step to
optimize the output by managing the input parameters of the pro14
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Table 6
Precision of proposed formulae and data distribution in the error range.
Response

MSE

R coeffiecent

Po /P
Ko /K

0.016
0.015

0.954
0.892

Number of data in error range and percentage to total data
20%

40%

60%

667 (51%)
807 (61.7%)

1209 (92.4%)
1209 (92.4%)

1273 (97.3%)
1255 (95.9%)

Fig. 17. Prediction of Po /P and Ko /K in proposed formulae.

Fig. 18. Reduction factor based on opening area and aspect ratio for a) load-bearing capacity and b) initial stiffness.

approaches. The minimum and maximum of each parameter were
determined. The results of the numerical simulation were considered as targets of the machine learning approaches. It should be
mentioned that in order to make the results comprehensive, the
inputs, which are opening area ratio and aspect ratio, were considered as dimensionless parameters. The same procedure was done
for the targets. The results are represented as a reduction of the
peak load and initial stiffness in a PURM wall compared with a
masonry wall without an opening.
In order to facilitate the comparative evaluation of various
machine learning approaches a comprehensive way, the Taylor
diagram is used. This diagram is utilized to quantify the degree
of correspondence between the different machine learning
approaches and numerical results of the MP method in a diagonal
display in terms of three statistics, i.e., correlation coefficient (R),
the root mean square error (RMSE), and the standard deviation
(SD) [74]. Fig. 16 presents the Taylor diagram for predicting the
Po /P and Ko /K by incorporating different machine learning methods. The Azimuth angle in this diagram shows the correlation coefficient between the targets and assigned relationships. The RMSE
values are shown using concentric circles (green dashed lines),

cess. In this section, the parameters that control the response of a
PURM wall are further evaluated using the MP method. The ratio of
the opening height to the wall height and the opening width to the
wall width ratio was considered as affecting parameters on the global behavior of a masonry wall with a central opening. Subsequently, several discrete values were assumed for each
parameter, as listed in Table 3. The full combination of all those
parameters leads to 7  7 = 49 unique numerical simulations.
Those simulations were analyzed, and all the results, i.e., peak load
and initial stiffness, were used as the inputs of the various machine
learning approaches. Fig. 15 plotted some of the masonry walls
with various opening areas and shapes which have been analyzed
using the MP method. As can be seen, the rigid lintel which its
length is 20% more than the opening width was placed in the
PURM wall. It should be noted that a horizontal rigid beam that
is pinned to the adjacent vertical piers is considered as a lintel
beam in the MP method. Moreover, the coupling of spandrel and
adjacent piers along with its intensity can have an important effect
on the response of URM walls and their failure mode [52,73].
The summary of the numerical results based on the MP method
is listed in Table 4, which is used as the input of machine learning
15
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Fig. 19. The crack formation and failure pattern of PURM walls.

level, propose a formula for estimation of the reduction in loadbearing capacity and initial stiffness due to implementation of
the central opening. Deriving a formula using the MLP results have
not the limitation of the MP method in the size of an opening and
also is very time-saving. For this purpose, the number of data fed
into the MLP network was increased to more than 1300 to cover
all possible sizes and positions in creating a central opening in
the masonry wall. The formula uses the weights and biases of
the MLP approach to estimate the response of PURM walls. Generation empirical formulae may minimize the restriction of machine
learning implementation. The pattern formula used here for predicting the behavior of masonry walls was introduced by Leung
et al. [76]. To come up with an empirical formula, the most effective parameter on the output was kept constant in its reference
value, i.e., its median, and outputs of the network for variation of
other input was obtained. Using the curve fitting tools in MATLAB,
a line that fits the curve with the minimum least square error can
be found. It is assumed that the variation of load-bearing capacity
and initial stiffness with each parameter is independent of the
other parameter, and can be expressed as Eqs. 26 and 27, respec-

and the standard deviation based on the outcomes of each relationship is shown as the radial distance which is measured from the
origin [54,75].
As can be seen, the MLP approach has a higher correlation coefficient, i.e., closer to the horizontal line, than the other approaches.
This indicates that MLP is more accurate than other machine learning approaches (GMDH and RBF) for predicting both load-bearing
ratio and initial stiffness ratio. It is therefore admissible that the
MLP approach outperforms all other techniques to predict the Po /
P and Ko /K of a URM wall. The results of the MLP network can be
used to obtain some initial estimations in the pre-design phase,
and also to determine the effect of the presence of an opening in
the general behavior of a URM wall. Thus, from this part of the
study, the results of MLP will be reported since it has the best performance among other approaches.
5.2. Development of predictive equations for PURM behavior
The suitable accuracy in results allows the implementation of
the MLP approach to predict the numerical results, and at a higher

Fig. 20. Three realizations of inhomogeneity in masonry material; darker parts present the higher f cm .
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which indicates a conservative approach in practice. The percentage of numbers on the conservative side for Po /P and Ko /K are
83.86 and 69.34%, respectively.
The utilization of the neural network to generate empirical
design charts is a practical approach to make the results more
intelligible. In Fig. 18 the variation of masonry wall responses versus opening area and aspect ratio is plotted. As it is obvious, a rise
in the relative opening area, i.e., Ao /Awall , result in a reduction in
load-bearing capacity and initial stiffness of the PURM wall. However, the reduction of masonry wall response due to an increase in
the opening area is more severe in the lower aspect ratio. This can
be attributed to the low width of adjacent piers which are responsible for lateral load-bearing capacity. This can be observed in
Fig. 19 which demonstrates the failure pattern and crack formation
in some of the PURM walls. The high aspect ratio of the piers
adjoining the opening leads to the pure rocking failure in the
masonry wall. This is in accordance with the results of Rai and Goel
[77]. It was concluded that the response of a substructure as a
whole was largely dependent on the pier failure mechanism [78].
Besides, for a constant relative opening area, an increase in the
opening aspect ratio greater than one has a neglectable effect on
the response of a masonry wall. An increase in opening aspect
ratio, i.e., height/width, causes the piers to remain wide, and the
reduction in strength and stiffness of the adjacent piers to be less,
and therefore the PURM wall able to resist the lateral load more
appropriately. It can be concluded that the suitable shape for opening in masonry walls with a constant area is standing rectangular
with an aspect ratio greater than 1, as can be seen in Fig. 19.

Fig. 21. Effects of independent various mechanical properties of masonry unit on
the PURM walls response.

tively. In Eq. 26, Po /P is the ratio of the load-bearing capacity of
masonry wall containing a central opening to the solid masonry
wall, h is opening height, l is opening length, H is wall height,
and L is the wall length. In Eq. 26, Ko /K is the reduction in initial
stiffness of the PURM wall compared to the solid wall. These equations are more simple and practical than the other equation proposed by the authors in [33]. However, these equations are for
masonry walls with 0 6 Ll  0:7 and 0 6 Hh  0:7 which corresponds
to the geometrical properties of real masonry walls.

6. Random fields
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Analyzing the structural element with respect to the uncertainties in the mechanical properties of the material and its randomness in a whole system provides a more realistic view of the
structure’s response. The random field is one of the probabilistic
or stochastic methods that accounts for the geometric or material
uncertainties in the structure. In this method, the mechanical
properties and their location in the numerical model are random
variables. Due to the discretization of a masonry wall in the MP
method, this approach can be used to analyze the structure under
several uncertainties. In a general form, the random fields can be
written as:
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HðxÞ ¼ lðxÞ þ aðxÞ

Table 6 summarizes the error distribution of the achieved outcomes based on the empirical approach, in terms of the percentage
difference within the empirical and MLP results. The MSE, RMSE,
MAE, MAPE, NSE, and correlation coefficient of the network, R2
for predicting the reduction of the load-bearing capacity of PURM
wall compared to the solid wall are 0.016, 0.126, 0.117, 0.27,
0.688, and 0.954, respectively. These statistical metrics for initial
stiffness reduction are 0.015, 0.124, 0.105, 0.453, 0.719, and
0.892, respectively. The observed error in predicting the Po /P and
Ko /K using an empirical approach, especially in amounts less than
0.3, is due to some assumption such as independence of each
parameter from other influencing parameters and approximation
regarding curve fitting. The empirical formula considered 51%
and 61.7% of samples in the error range of 20% for Po /P and Ko /
K, respectively. The empirical approach can estimate the 92.4% of
data for both responses in the error range of 40%. The empirical
approach proposed in this paper not only is practical and easy to
use but also shows good correlation and low MSE error. In
Fig. 17, the reduction in the response of the masonry wall obtained
from the empirical approach is higher than the predicted value
when a point lies above the 45 line. As can be seen, quite a number
of values are lying on the conservative side, i.e., above the 45 line,

ð28Þ

where lðxÞ is an average value function, aðxÞ is a variation element,
and x stands for the vector of position.
The mean value function lðxÞ is deterministic, while aðxÞ is a
random function with an average of 0 and the square exponential
auto-covariance function

C aa ðr0 ; n; lcorr Þ ¼ r20 eðn=lcorr Þ

2

ð29Þ

where n is the distance of any two arbitrary locations, r0 the (constant) standard deviation, and lcorr is the correlation length (the distance over which the quantities exhibit strong correlation).
Selection of an appropriate correlation length is a key parameter
in stochastic simulation [79–81]. In the present paper, this value
is assumed to be 20% of the maximum length of the URM wall,
lmax . Investigation on the impact of varying correlation lengths is
beyond the scope of this paper.
Using the random fields theory, first several generic realizations
of the PURM wall are generated (quantities vary between zero and
one, wxyz 2 ð0; 1Þ). Next, these normalized values are transferred to
the mechanical properties (for example for compressive strength
of the masonry unit, wxyz  f cm ), and incorporated in the MP
method. The f cm is the mean compressive strength of the masonry
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which predict the reduction in load-bearing capacity and initial
stiffness values of the PURM wall independently from the network with R coefficient of 0.954 and 0.892, respectively. The
practical and easy-to-use formula proposed in this study considered 51% of samples for Po /P and 61.7% of data for Ko /K in
the error range of 20%. This estimation is 92.4% of samples
for both responses in the error range of 40%. However, the
error in predicting the Po/P and Ko/K using the proposed formula is relatively high for amounts less than 0.3, which is the
limitation of the empirical approach.
 One practical way to make the results more intelligible is to the
utilization of the neural network to generate new data and
develop empirical design charts. Results of unseen data generation using MLP indicate that an increase in the relative opening
area results in a reduction in load-bearing capacity and initial
stiffness of the PURM wall. In addition, a rise in the opening
aspect ratio causes the PURM wall able to resist the lateral load
more appropriately.
 The material heterogeneity is important in the response of
masonry structures. The inhomogeneity in masonry material
can be characterized using the MP method which is able to perform a stochastic analysis. For this purpose, the results of
research in which the mechanical properties of masonry material were assumed to vary spatially within the URM wall were
presented. It was shown that the response of a PURM wall
undergoes severe variations up to 15.5% in maximum loadbearing capacity.

unit required to model the PURM wall using the MP method. The
mechanical properties of masonry unit assumed to be random, so
they can be limited to minimum and maximum values, and thus,
the random fields can be bounded as wxyz 2 ½P min ; Pmax . Fig. 20 presents three realizations of the random fields wxyz for the verified
PURM wall. It is worth mentioning that the random field method
is implemented in the MP model only for J2G wall (see Fig. 8).
A total of N ¼ 400 simulations are performed based on the
aforementioned algorithm. These random models present (ideally)
all the potential uncertainties in the mechanical properties of
masonry material within the PURM wall. The only parameter
assumed to affect the mechanical properties of the PURM wall is
the compressive strength of the masonry unit (i.e., f cm ), and the
other parameters are supposed to be deterministic. It is a good
assumption since other mechanical properties of masonry material
are in direct relation with the compressive strength [25]. Fig. 21
illustrates some of the random models result for loaddisplacement curves. In each case, the median results and the median  one standard deviation (STD) are also reported. As can be
seen, the response of a PURM wall undergoes severe variations
up to 15.5% in maximum load-bearing capacity.
As it was shown, the effect of randomness in mechanical properties of masonry material on the response of a PURM wall can be
determined using the MP method along with stochastic models.
The MP method is a powerful, reliable, and time-saving tool to analyze the complex behavior of PURM walls. This may simplify the
implementation of random fields theory for taking into account
the effect of uncertainties in the material properties of masonry.
These results and further analysis can also be used in risk and reliability assessments of URM walls.

Future developments include the evaluation of out-of-plane
behavior of PURM, investigation of the complex geometry of
masonry walls, the assessment of more realistic cases with more
than one opening, an improvement in the accuracy of the empirical
approach, and the implementation of random fields theory for taking into account the effect of uncertainties in the material properties of masonry for reliability and risk assessment analysis, an issue
that could make the MP method more comprehensive, may be
considered.

7. Conclusions
The effect of opening area and opening aspect ratio on the
response of PURM walls was evaluated using the MP method
which is a practical and easy to use technique for assessing the
non-linear in-plane behavior of URM walls containing a central
opening under any loading condition. Results of seven experimental URM walls with various topology and pre-compression were
used to validate the truss discretization models. Moreover, the coupling mechanism of spandrel and adjacent piers was discussed in
detail to facilitate the application of the MP method in estimating
PURM walls. Using a design of experiment technique, a total of 49
masonry walls were built with two variables, i.e., geometric properties of opening to URM wall ratio. The results of numerical models are then fed into three different machine learning approaches
to develop predictive meta-models. Moreover, a relatively new
research topic regarding the uncertainty quantification in URM
walls was presented. Following are the results of this study:
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